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Abstract
We make a four-algebraic extension of the IIB matrix model. The extension can
be made by any Lie 4-algebra. The four-algebraic model has the same supersymmetry
as the IIB matrix model, and hence as type IIB superstring theory. The four-algebraic
model contains twelve bosonic matrices; two of these will be identified with two extra
dimensions that characterize F-theory. We construct a Lie 4-algebra that incorporates
u(N) Lie algebra and analyze the model explicitly by choosing it. We have three phases
in the model with that specific algebra. In the first phase, it reduces to the original
IIB matrix model. In the second phase, it reduces to a simple supersymmetric model.
In the third phase, it reduces to a model that describes only the dynamics of the two
matrices representing the torus.
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1 Introduction
The IIB matrix model was proposed as a non-perturbative formulation of type IIB super-
string theory in 1996 [1] and has been extensively studied. It has the same space-time
supersymmetry as the IIB superstring. The N = 2 supersymmetry in ten dimensions guar-
antees the existence of the graviton in this model.
In spite of the fact that the matrix model can describe some perturbative and non-
perturbative dynamics of the IIB superstring, analyzing it is difficult as a consequence of its
complicated interactions. New ideas are necessary to investigate non-perturbative dynamics
of string theory. Extending matrix models for string theory can offer many ideas for studying
non-perturbative dynamics of string theory, as well as the original matrix models. With
this as motivation, extensions of the BFSS matrix theory and the IIB matrix model by
Lie 3-algebra [2–48] were studied in [49, 50]. The minimally extended models have two
phases. They reduce to the original matrix models in one phase, whereas they reduce to
simpler supersymmetric models in the other phase. The simple models are more tractable
to investigate.
In this paper, we further extend the IIB matrix model by using 4-algebras. ”Extend”
indicates that the model is based on 4-algebras that incorporate Lie-algebras. The four-
algebra model permits any 4-algebra whose quartic product is completely antisymmetric.
We call such 4-algebra Lie 4-algebra. It has the same supersymmetry as the IIB matrix
model, and hence as the IIB superstring. As a consequence, the four-algebra model includes
the graviton. The four-algebraic model contains twelve bosonic matrices; two of them will
be identified with two extra dimensions that characterize F-theory.
We construct a Lie 4-algebra that incorporates u(N) Lie algebra and analyze the model
explicitly by choosing it. We have three phases in the model with that specific algebra. In
the first phase, it reduces to the original IIB matrix model. In the second phase, it reduces
to a simple supersymmetric model. In the third phase, it reduces to a model that describes
only the dynamics of the two matrices representing the torus.
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2 Lorentzian Lie 4-algebra
First, we construct a Lorentzian Lie 4-algebra. We consider an algebra
[TA, TB, TC, TD] = fABCDET
E , (2.1)
where the bracket is totally antisymmetric in A, B, C and D. The gauge transformation is
defined by
δX = ΛABC [T
A, TB, TC , X ]. (2.2)
The inverse of a metric is defined by
gAB =< TATB > . (2.3)
The indices A,B, · · · are raised and lowered by gAB and gAB. The gauge invariance of the
metric
< δTATB > + < TAδTB >= 0 (2.4)
requires
fABCDE = −fABCED. (2.5)
Then, the indices of fABCDE are completely antisymmetric. The fundamental identity is
defined by
δ[X, Y, Z,W ] = [δX, Y, Z,W ] + [X, δY, Z,W ] + [X, Y, δZ,W ] + [X, Y, Z, δW ], (2.6)
which is equivalent to
fDEFGHf
ABCHI = fABCDHf
HEFGI + fABCEHf
DHFGI + fABCFHf
DEHGI + fABCGHf
DEFHI.
(2.7)
We find a solution to this equation:
fαβijk = Gαβf ijk (2.8)
with
Gαβ = καtβ − tακβ, (2.9)
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where κα and tα are arbitrary independent vectors and f ijk are structure constants of ordinary
Lie algebra. The other fABCDE except for the above antisymmetrized form, are zero. The
non-zero metric is given by
gαβ¯ = −δαβ
gij = hij, (2.10)
where hij is the Cartan metric of the Lie algebra. Then, the non-zero commutators are
[T α, T β, T i, T j] = Gαβ[T i, T j]
[T α, T i, T j, T k] = −f ijkGαβ¯T
β¯. (2.11)
This algebra includes the minimal Lorentzian Lie 3-algebra [49,50] and thus an arbitrary Lie
algebra.
3 4-Algebraic Model
In the present section, we construct a Lie 4-algebra model by extending the IIB matrix
model. Our concerns are two scalars Φp (p = 1, 2), SO(1,9) vector XM (M = 0, · · ·9) and
SO(1,9) Majorana-Weyl fermion Θ generated by Lie 4-algebra. Θ satisfies Γ10Θ = −Θ. We
do not presume specific algebra here.
The dynamical supertransformation of the IIB matrix model is extended by Lie 4-algebra:
δXM = iE¯ΓMΘ
δΦp = 0 (p = 1, 2)
δΘ =
i
2
[Φ1,Φ2, XM , XN ]Γ
MNE, (3.1)
where E satisfies
Γ10E = −E. (3.2)
The algebra from this transformation is given by
(δ2δ1 − δ1δ2)Φ
p = 0
(δ2δ1 − δ1δ2)X
M = −2E¯2ΓNE1[Φ
1,Φ2, XN , XM ]
(δ2δ1 − δ1δ2)Θ = −2E¯2ΓNE1[Φ
1,Φ2, XN ,Θ]
+(
7
8
E¯2ΓLE1Γ
L −
1
8
E¯2ΓL1L2L3L4L5E1Γ
L1L2L3L4L5)
×[Φ1,Φ2, XNΓ
N ,Θ]. (3.3)
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The right-hand sides of the second and third lines imply the gauge transformation of XM
and Θ, individually. The supersymmetry algebra closes on-shell if the fermion satisfies
[Φ1,Φ2, XNΓ
N ,Θ] = 0 (3.4)
on-shell. If we transform this fermion equation of motion with (3.1), we get the boson
equation of motion:
[Φ1,Φ2, XN , [Φ1,Φ2, XN , X
M ]]−
1
2
[Φ1,Φ2, Θ¯ΓM ,Θ] = 0. (3.5)
Both equations of motion can be obtained from the action
S =< −
1
4
[Φ1,Φ2, XM , XN ]2 +
1
2
Θ¯ΓM [Φ1,Φ2, XM ,Θ] > . (3.6)
This is invariant under (3.1).
The kinematical supersymmetry of the action (3.6) is generated by
δ˜Θ = E˜. (3.7)
The total supersymmetry algebra is
(δ2δ1 − δ1δ2)Φ = 0
(δ2δ1 − δ1δ2)X
M = 0
(δ2δ1 − δ1δ2)Θ = 0, (3.8)
(δ˜2δ˜1 − δ˜1δ˜2)Φ = 0
(δ˜2δ˜1 − δ˜1δ˜2)X
M = 0
(δ˜2δ˜1 − δ˜1δ˜2)Θ = 0, (3.9)
and
(δ˜2δ1 − δ1δ˜2)Φ = 0
(δ˜2δ1 − δ1δ˜2)X
M = iE¯1Γ
ME2
(δ˜2δ1 − δ1δ˜2)Θ = 0, (3.10)
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on-shell and up to the gauge symmetry. If we change the basis as
δ′ = δ + δ˜
δ˜′ = i(δ − δ˜), (3.11)
we have
(δ′2δ
′
1 − δ
′
1δ
′
2)Φ = 0
(δ′2δ
′
1 − δ
′
1δ
′
2)X
M = iE¯1Γ
ME2
(δ′2δ
′
1 − δ
′
1δ
′
2)Θ = 0, (3.12)
(δ˜′2δ˜
′
1 − δ˜
′
1δ˜
′
2)Φ = 0
(δ˜′2δ˜
′
1 − δ˜
′
1δ˜
′
2)X
M = iE¯1Γ
ME2
(δ˜′2δ˜
′
1 − δ˜
′
1δ˜
′
2)Θ = 0, (3.13)
and
(δ˜′2δ
′
1 − δ
′
1δ˜
′
2)Φ = 0
(δ˜′2δ
′
1 − δ
′
1δ˜
′
2)X
M = 0
(δ˜′2δ
′
1 − δ
′
1δ˜
′
2)Θ = 0. (3.14)
This is the algebra of SO(1,9) N = 2 chiral supersymmetry, which is the supersymmetry
algebra of the IIB matrix model as well as the IIB superstring. Therefore, this 4-algebraic
model will be useful for studying F-theory by assuming that Φ1 and Φ2 represent the fixed
torus that connects F-theory and IIB superstring theory.
4 Model with A Certain 4-Algebra
In the present section, we elucidate the Lie 4-algebra model with (2.11) associated with
u(N).
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The model allows BPS backgrounds
καΦ1α = Φ¯
1, tαΦ1α = 0
καΦ2α = 0, t
αΦ2α = Φ¯
2
XMα = X¯
M
α
Θα = 0
Φi = X
M
i = Θi = 0, (4.1)
where Φ¯1, Φ¯2 and X¯Mα are arbitrary. Because the fluctuations of Φ
1
α, Φ
2
α, X
M
α and Θα are zero
modes around them, one needs to regard each of the backgrounds as independent vacuum
and to fix the fluctuations.
The gauge transformation for an arbitrary field X ,
δXα = Λβγδf
βγδη
αXη (4.2)
can be explicitly written as
δXα = 0
δXi = Λ
(1)k
iXk + Λ
(2)
i κ
αXα + Λ
(3)
i t
αXα. (4.3)
There are three independent gauge parameters:
Λ
(1)k
i = 3G
αβΛαβjf
jk
i
Λ
(2)
i = 3t
βΛβjkf
jk
i
Λ
(3)
i = −3κ
βΛβjkf
jk
i, (4.4)
where Λ(1) stands for the u(N) transformation, while Λ(2) and Λ(3) stand for independent
shift transformations.
In the Φ¯1 6= 0 case, the shift transformation can fix one matrix as
Φ1 = Φ1αT
α + Φ1β¯T
β¯ + Φ1iT
i → Φ1αT
α + Φ1β¯T
β¯ . (4.5)
Because Φ1 exist inside all the four-brackets in the action (3.6), non-zero four-brackets in
the action reduce to three-brackets [49, 50] as
[Φ1αT
α, T β, T i, T j] = Φ1αG
αβ[T i, T j] = κ
′β[T i, T j] = [T β, T i, T j],
[Φ1αT
α, T i, T j, T k] = −Φ1αG
α
β¯f
ijkT β¯ = −f ijkκ
′
β¯T
β¯ = [T i, T j, T k], (4.6)
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where we redefine Φ1αG
αβ as κ
′β. Then, the action (3.6) reduces to the minimally extended
Lie 3-algebra IIB matrix model [50],
S =< −
1
4
[Φ2, XM , XN ]2 +
1
2
Θ¯ΓM [Φ2, XM ,Θ] >, (4.7)
with the Lie 3-algebra
[T α, T i, T j] = κα[T i, T j]
[T i, T j, T k] = −f ijkκα¯T
α¯. (4.8)
In the Φ¯1 6= 0 and Φ¯2 6= 0 case, one can fix one more matrix as
Φ2 = Φ2αT
α + Φ2
β¯
T β¯ + Φ2iT
i → Φ2αT
α + Φ2
β¯
T β¯ . (4.9)
Then, we get the IIB matrix model in a similar way:
S = tr(−
1
4
[XM , XN ]2 +
1
2
Θ¯ΓM [XM ,Θ]). (4.10)
This is consistent with the fact that the model (4.7) reduces to the IIB matrix model (4.10)
in the Φ¯2 6= 0 phase, as reported in [50].
In the Φ¯1 6= 0 and Φ¯2 = 0 case, the model (4.7) reduces to the supersymmetric simple
action,
S = tr(−
1
2
[Φ, Xµ]2 −
1
2
Θ¯Γ[Φ,Θ]), (4.11)
as in [50].
In the Φ¯1 = 0 and Φ¯2 = 0 case, the action (3.6) reduces to
S = tr(−
1
4
(X¯Mα X¯
N
β G
αβ [Φ1,Φ2])2). (4.12)
Without loss of generality, one can choose X¯9ακ
α 6= 0, X¯8αt
α 6= 0, and the other X¯Mα = 0.
Because X¯Mα X¯
N
β G
αβ = X¯9αX¯
8
βG
αβ can be absorbed by redefinition of Φ1 and Φ2, this action
is equivalent to
S = tr(−
1
4
[Φ1,Φ2]2). (4.13)
This is consistent with the supersymmetry transformation (3.1) because Φ1 and Φ2 are not
transformed. In this phase, only the fields corresponding to the torus are dynamical.
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5 Conclusion and Discussion
In this paper, we have made a four-algebraic extension of the IIB matrix model. The
extension can be made by any Lie 4-algebra. The four-algebraic model has the same su-
persymmetry as the IIB matrix model, and hence as type IIB superstring theory. The
four-algebraic model contains twelve bosonic matrices; two of these will be identified with
two extra dimensions that characterize F-theory.
We have constructed a Lie 4-algebra that incorporates u(N) Lie algebra and analyzed the
model explicitly by choosing it. With that algebra, there are BPS moduli and we have gotten
three phases. In the first phase, the model reduces to the original IIB matrix model. In the
second phase, it reduces to the simple supersymmetric one (4.11). In the third phase, it
reduces to a model (4.13) that describes only the dynamics of the two matrices representing
the torus.
In this paper, we have constructed and chosen a specific Lie 4-algebra and studied the
extended model explicitly, although we have constructed the 4-algebra model that allows
any Lie 4-algebra. The next task is to construct and classify Lie 4-algebras as in [38] and
apply them to the Lie 4-algebra model (3.6).
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